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NOMENCLATURE

Dr.x = Fick diffusion coefficient of component k,

sq. ft./sec.

mg = weight of component k added per unit area
of interface, 1b./sq. ft.

Vi = partial specific volume of component k, cu.
ft./1b.

A = difference in

(] = time, sec.

Ok = concentration of component k, 1lb./cu. ft.

Superscript

* = average condition

Subscripts

c = diffusion cell

e = conditions at equilibrium

g gas phase

i conditions at interface

j component j, the stagnant component

k component k, the diffusing component

1 = liquid phase

0 = initial conditions
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Where detonative combustion is involved, it is fre-
quently desirable to visualize the relationships among
various detonation parameters. To fulfill this need,
generalized charts of detonation parameters for all gaseous
mixtures, involving only nondimensional quantities, are
given. The chief usefulness of these plots of generalized
equations, derived directly from the classical equations
of detonation, is to provide a means for visualizing
relationships among the detonation parameters for all
gaseous mixtures on a small number of Mollier-type
diagrams. Application of these generalized charts is
illustrated by means of several examples.

There is need of simplified methods for determining
and visualizing values of detonation parameters for all
gaseous mixtures. Considerably more information on
detonation parameters is required before the advantageous
application of supersonic burning in propulsive devices can
be realized. Such informationmay also have directapplica-
tion in understanding instability phenomena (such as
screech) in ramjet, turbojet, afterburner, and rocket
engines. These instability phenomena and their possible
association with detonative combustionhave beendiscussed
in the literature (6, 8).

To provide simplified means for analytically de-
termining values of detonation parameters, the classical
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equations of detonation were previously rearranged (2),
and also a calculation procedure based on the resulting
generalized equations, involvingonly nondimensional quan-
tities, was devised. During the process of generalizing
the detonation equations it became apparent that it would be
extremely useful if the detonation parameters for all
gaseous mixtures could be presented in nondimensional
form on a Mollier-type diagram. This wouldaid considera-
bly in visualization of relationships among the various
detonation parameters. It was found that the generalized
detonation equations could be utilized for the graphical
presentation of the detonation parameters on a small
number of Mollier-type diagrams,

In this article, derivation of the generalized detonation
equations is summarized, and the method of constructing
the generalized charts based on these equations is de-
scribed. Application of the generalized detonation charts is
illustrated by means of several examples.

DERIVATION OF EQUATIONS FOR THE
GENERALIZED CHARTS

The assumptions utilized in the derivation following
are generally introduced where required. It is assumed
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that the ideal gas law holds for the reactants and their
products at the initial and final conditions. Thisis equiva-
lent to the assumption that the actual temperatures and
pressures of the initial and final mixtures inall cases are
in a region where the use of the ideal gas law results in
negligible error. For the final mixture, because of the
extremely high temperatures occurring in detonation, this
is a reasonable assumption. It isa reasonableassumption
also for the initial mixture, if the initial conditions are
sufficiently far from the critical conditions of pressure and
temperature for each component so that thermodynamic
compressibility is a negligible factor. Thus, in all cases
where an equation of state was required for describing the
states of the initial and final mixtures at the initial and
final conditions, the ideal gas law hasbeenused. The usual
assumption is also made that chemical equilibrium is
attained in the detonation wave,

The equations of conservation across the detonation
front are

Conservation of mass
Vi = p.V, (1)

Conservation of momentum, considering only normal entry
into the front

Pi + pVi = P + 0.V} (2)

and conservation of energy
Vi P Vi P
Jeo+ =+ = 4 Jh = Jeo + 2 4 = 3
2 p1 2 P2
‘The velocity of sound in the initial and final mixtures may

be expressed as p

a? = y -
p (4)
By definition
v
M= - S
" )
and the energy release function is
Jh
B =— 6
2 (6)

From the conservation of momentum Equation 2, and
Equations 4 and 5, the pressure ratioacrossthe detonation
front may be expressed as

P:  vMj+1 -
Pi wMZ+1
From the conservation of mass Equation 1, and Equations
4, 5, and 7, the density ratio may be expressed as

yM: v:M3 + 1
- . 8
pa/p (71M§ + l) < v:Mj ®)

Equations 7 and 8 are the usual expressions for pressure
ratio and density ratio across a normal shock.
The equation of state for ideal gasesmay be expressed
as
P JRT

5= M. &)

Applying Equation 9 to the state conditions before and
after the detonation wave, and combining the resulting two
equations with Equations 7 and 8, the expression for the
temperature-molecular weight ratio obtained is

T:M.,  7:M} (y:M? + 1)?
TiM., (v:ME+1)2° v M?
In order to facilitate transformation of the conservation
of energy Equation 3 into nondimensional form, it is

assumed that both the initial and final gaseous mixtures are
polytropic. It is thought that this assumption will not affect

(10)
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appreciably the accuracy of the final generalized equations,
Based on this assumption, the expression obtained for the
difference in internal energies across the detonation wave
is

e — e = ¢y, Ts ~— ¢,T) (11)

Utilizing Equation 11, the conservation of energy
Equation 3 becomes
Vr2 PQ
4+ Jh =Je, T2 + = +
2 P2

(MM

v
(12)

0|

P
JooTi 4+ = +
(9}

C
Since &My = Cyandy = _,, and since, for ideal gases,
R=C,—Cs, the following equation is obtained from Equa-
tions 9 and 12:
Y1 Ii
Tw—1m

Equation 13 is the approxumnate energy equation utilized by
D. G. Samaras in his paper on endothermic and exothermic
discontinuities (7), and involves approximations believed to
be negligible as discussed here — e.g., assumption of
polytropic gas.

From Equations 4, 5, 6, 7, 8, and 13, the following
equation is obtained:

B = < Y2 + “/2M§> v:M3 (v M? + 1)2_
ve = 1 2/ (yMj+12 yiMi

2
! - Mi (14)
Y1 — 1 2
This is a nondimensional form of the Hugoniot equation,
based on the energy Equation 13.

The Chapman-Jouguet hypothesis that the product
gases (final mixture) leave the detonation front at a
velocity equal to the local speed of sound in those gases
may be expressed as

AR
v:— 1 pe 2

Vi
+5 th= (13)

M, =10 (15)

Applying the Chapman-Jouguet hypothesis to Equations 7,
8, 10, and 14, expressions for the pressure ratio, density
ratio, and temperature-molecular weight ratio across the
detonation wave, and the energy release in the detonation
wave, in nondimensional form, may be obtained as follows:

P, 1 )

k- 16
b %+lmm+n (16)

7ﬁl(mm>
- k (17)

P/ b Z viM7 + 1

T:My _ 7 (nMi+ DT

T M, (y2 + 1)2 v Mi

) )]

Equation 19 is a nondimensional form of the equation
commonly referred to as the Chapman-Jouguet equation,
based on the energy Equation 13. The above four equations
are the nondimensional generalized equations which form
the basis for the graphical presentations in this article.
Equation 19 may be expressed in the form

v3 ~ v

Mi=20 - DB +2

20
Yi(y: = 1) (20)

where M1 is the ‘‘pseudo-Mach number’” (2). Thus the
relationship between M and M, is

2
—2 2 Yz 1
= ) 21
Mi = M) + (71> M (21)
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CONSTRUCTION OF THE CHARTS

Charts based on the generalized equations are given
in Figures 1, 2, and 3. It was found that except for the
parameter %, , all the detonation parameters could be
shown on one diagram. A separate chart is presented for
each of three values of Y1 —i.e., 1.2, 1.3, and 1.4, as
representative values of this parameter for various
gaseous mixtures. These charts show basically the vari-
ation of the pseudo-Mach number squared (fﬁ') with the
energy release function, B (dimensionless),at constant
values ofY,, the specific heat ratio for the final mixture.
This relationship (Equation 20) is represented as radial
lines emanating from a point near the origin.

The other detonation parameters — pressure ratio,
temperature-molecular weight ratio, and density ratio
across the detonation wave — are represented by cross
plots on each chart, each of these parameters being a
function only of the Mach number and ¥t and ¥:. Thus,
lines of constant - , numerical_}y“equal to the ratio P./P;,
together with lines of constant 751~ andlinesof constant
p2/p1 have been cross plotted on the generalized charts
utilizing Equations 16, 17, 18 and 21..

Equation 20 was used in constructing the generalized
charts rather than Equation 19. Equation 19, the Chapman-
Jouguet equation, would have been the more accurate re-
lationship but use of Equation 20 simplified the construction
of the charts considerably, since the M7 versus B re-
lationship was then simply represented by a group of
straight lines emanating from a single point.

The approximation involved in the use of Equation 20
in lieu of Equation 19 is only a very slight one. The dif-
ference between these equations is given by Equation 21.
A plot of Equation 21 is given inr Figure 4. In Equation 21
and Figure 4, the quantities M} and Mf are essentially
the same in the range of Mach numbers normally encoun-
tered in gascous detonations. For all detonative Mach num-
bers above approximately 3.0 (?=9.0), the error intro-
duced through using M? is negligible and within the reading
accuracy of the chart. In the region where the detonative
Mach number is 3.0 '(M? =9.0), th error is still ex-
tremely small. The only appreciable error is in the re-
gion approaching a detonative Mach number equal to
unity—a region of little interest in detonation studies.

It can be shown that the location of the vertex of rhe
group of radial lines plotted from Equation 20 (Mf vs B)
is given by two analytical expressions involving only 7v,:

M= - 2
1= b (22)
S - 23
Yi(yr — 1) @3)

A setof DMj versus B linesforany v: canbe plotted
readily, simply by determining the point of intersection
by means of Equations 22 and 23 and then plotting only
one point for each desired value of 7a.

USE OF THE CHARTS

The chief usefulness of the generalized charts (Fig-
ures 1, 2, and 3) lies in the fact that they present all of
the detonation parameters for gaseous mixtures, utilizing
only dimensionless quantities, on Mollier-type diagrams.

As a specific illustration of the usefulness of these
charts in permitting immediate visualization of numerical
values of all the detonation parameters for a particular
case, a hypothetical example will be considered first. If
the ratio of specific heats for the initial mixture is
7t = 1.3, Figure 2 is the applicable generalized chart.
Assuming that pz/p1 =20 and 7¥: = 1.25, then ps/p1 =1.75,
M} = 33.7 T:M./T:M,, = 11.4,and B = 28.3. Therefore,
according to Figure 4, M?is also equal to 33.7.
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Use of the ¢harts can be illustrated further by con-
sidering two actual gaseous mixtures for which partial
detonation data are available in the literature,

For the gaseous mixture, C,H, 4-O, at 15° C. and a
pressure of 1 atmosphere, it is found that y1 =1.307. Val-
ues reported in the literature (5) for pressure ratio and
final specific heat ratio are p:/p; = 50.2 andy: =1.13,
respectively. In this case, gince 1 =1.307, interpolation
between Figure 2 (v =1.3) and Figure 3 (71 = L.4) will
be necessary. Using the literature values of p:/p: and
2, the following values of the remaining detonation param-
eters may be read from Figures 2 and 3.

Figure 2 (y: = 1.3) Figure 3 (yi = 1.4)

M3 81.6 75.8
Pe 1.87 1.87
p1

To My,

ked 27.0 26.8
TiM,, 7

B 148 139

Interpolated values for 41 =1.307 are found to be

M3 = 81.2 (or M; = 9.02)
pz/p1 = 1.87
T;M,,
I - 969
Ty M,
B = 1474

For the given gaseous mixture, C,H, - O,, Manson (5)
reported the detonation velocity to be 2960 meters/
second. From this, the Mach number of the detonation is
calculated to be

— M\\'
=M =D 44— =895
MI 1 ‘/J")/lRTl 0,

M2 = M? =802

or

(As stated previously, M;and Miare essentially the sameat
Mach numbers above 3.) Manson also reported the density
ratio for this case to be p:/p1 =1.87. The values obtained
from the generalized detonation charts(M% =902, p2/p1 =
1.87) compare favorably with these literature values.

The second example illustrating the use of the gen-
eralized detonati8n charts is for the gaseous mixture,
H, - 1/2 0, at 18 C. anda pressure of 1 atmosphere. For
this stoichiometric mixture, it is found that v, =1.4026.
Values previously calculated (2) for pressureratioandfin-
al specific heat ratio are p;/p; = 17.22 and y: =1.2075,
respectively, assuming dissociation of the' gaseous pro-
ducts at the detonation temperature and pressure. Since
71 = 1.4026, extrapolation using Figure 2 (y: =1.3) and
Figure 3 ( v, =1.4) will be necessary. Using the values of
p:/p1 and 7. already cited, the following values of the re-
maining detonation parameters may be read from Figures
2 and 3:

Figure 2 (y: = 13) Figure 3 (v, = 1.4)

M: 28.5 26.5
pe 1.77 1.78
Pt

TZZ\I\\~1

— 9.8 9.7
TIMw2

B 30.0 28.7

Thus, extrapolated values for %, =1.4026, obtained from
the generalized detonation charts (Figures 2 and 3), are
found to be
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Figure 1. Generalized detonation chart fory. = 1.2
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Figure 2. Generalized detonation chart for v: = 1.3
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Figure 3. Generalized detonation chart fory: = 1.4

M? = 26.4 (or My = 5.14)

Pz/Pl = 178
T M“‘l
=97
T:M.,
B = 287

Values of pressure ratio and final specific heat ratio found

elsewhere in the literature (4, 5, 9) are ps/p1 =18.05 and
v: = 1.214. Using these two values and thatof v: =1.4026,
the values whith may be obtained from Figures 2 and 3 by
gxtrapolation are: M? =27.7( My = 5.26); po/pr = 1.77;
# = 10.0; andB =28.9.

‘The heat of reaction under detonation conditions may
be calculated from the extrapolated value of B obtained
from the generalized detonation charts. By definition

Jh JAHRr AHr

al = aiM,, ~ YRT,

Then, using the values of B, 7i, and T: in the above

example

AHr = By,RT; = (28.7) (1.4026) (1.98719) (291)
= 23,220 cal./gram mole of initial
mixture

Therefore, the heat of reaction per mole of hydrogen, as
calculated on the basis of data from the generalized de-
tonation charts, is found to be 23,220 x 1.5/1 or 34,830
cal./gram mole of hydrogen.,The standard heat of com-
bustion for the mixture H, 4+ 1/2 O, as given in the lit-
erature (3) is 68,320 cal./gram mole of hydrogen(prod-
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uct of combustion, liquid H,O at 180 C.), These data in-
dicate that only 519, of the standard heat of combustion
is released as available energy in the detonation process
(the h in Equation 3). The energy required for vaporizing
the liquid water, heating the product gases from 18° C. to
the final temperature (T,), and dissociation of the product
gases accounts for the remaining 49%.

i

. | S SO R P
FIGURE 4. THE SQUARE OF THE MACH NUMBER VERSUS THE SQUARE
OF THE PSEUDO- MACH NUMBER TN} v RE)

|
I

Figure 4, Caption included on drawing
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For the given gaseous mixture, H,+1/20., data pre-
viously reported (2) gave the calculated detonated velocity
as 2721.5 meters/second, the Mach number of detona-
tion as M1 =5,138 (—Mf =26.40), the density ratioas ps/p1 =
1.780, the temperature-molecular weight ratio as T.M./T:M.,=
9.68, and the energy release function as B =28.60 (assum-
ing dissociation of the gaseous products at the detonation
pressure and temperature). It will be noted that the values
obtained from the generalized detonation charts,

M} =5.14, p2/pr =1.78, T:M,,,/TiMy, = 9.7, and B = 28.7

are essentially the same as these calculated values. Cal-
culated values of these detonation parameters reported
elsewhere in the literature (4, 5, 9) for this case are det-
onation velocity of 2806 meters/second and p2/p: =1.78,
This detonation velocity corresponds to a value of M =
5.28 (M3 = 27.8).

It should be emphasized that, although accurate values
of some detonation parameters may be obtained directly
from the generalized detonation charts if certainminimum
data are available, the chief usefulness of these charts is
to provide a means for visualizing on a small number of
charts all relationships among the detonation parameters
for gaseous mixtures.
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NOMENCLATURE

a =velocity of sound, cm./second
B =energy release function. Dimensionless
cv =specific heat at constant volume, cal./gram, K.

C, =molal heat capacity at constant pressure, cal./gram
mole, © K.

C, =molal heat capacity at constant volume, cal./ gram
mole, © K.

D =detonation velocity—velocity of the detonation wave
with respect to the initial mixture—cm./second

e =gpecific internal energy, cal./gram
h =energy release per unit mass of mixture, cal./gram

AHr=heat of reaction—energy release per mole of initial
mixture—cal./gram mole

J =mechanical equivalent of heat, dyne-cm./cal. or
ergs/cal.

M =Mach number. Dimensionless

M, = detonative Mach number-the Mach number of the de-
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tonation wave with respect to the initial mixture. Di-
mensionless

M, =Mach number of the detonation wave with respect to
the final mixture. Dimensionless

M, = pseudo-Mach number, close approximation tothe de-
tonative Mach number (M)); used for convenience only.
Dimensionless

Mgy =molecular weight, grams/gram mole

p =pressure, atm,

P =pressure, dynes/sq. cm.

R =universal gas constant, cal./gram mole, ° K.
T =absolute temperature, ° K.

V =velocity, cm./second

Vi =velocity of detonation wave with respect to the initial
mixture, cm./second

V: = velocity of the detonation wave with respect to the
final mixture, cm./second

¥ =specific heat or molal heat capacity ratio. Di-
mensionless

p =density, grams/cc.
Subscripts
1 pertains to the initial mixture atthe initial conditions

2 pertains to the final mixture immediately behind the
detonation wave at the final conditions

P  pertains to constant pressure

v pertains to constant volume
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